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14 Dwsioy Tests

1. In this question you must show detailed reasoning.

Without performing any division, explain why » =20210520 is divisible by 66
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2. A binary operation % on the set of non-negative integers, Zg, is defined by

m % n=|m-—n| m,n e,

(a) Explain why Zg is closed under the operation *

(1)
(b) Show that 0 is an identity for (Zg, *)

(2)
(c) Show that all elements of Z; have an inverse under *

(2)
(d) Determine if Zg forms a group under *, giving clear justification for your answer.
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(Total for Question 2 is 8 marks)
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3. (a) Use the Euclidean Algorithm to find integers a and b such that

<0

1250 + 87b = 1 e
L
(b) Hence write down a multiplicative inverse of 87 modulo 125 &z
0
(c) Solve the linear congruence
87x =16 (mod 125)
(2)

a. geo (125, 39)

125 - 1(33)+ 38
83 - a(38)+ 1
38: 3(11)+ 5
1M-ats)+1
5: 5(1)

aco (115, 87)- 1
\¥ ]

8- 115 - 187 )

125 = 1(83)+ 38 —
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Question 3 continued
b. 13S0+ 83|
87 = 1 moa 1S
3H(13) = 1 moa 12§
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16 Fermats Litle Theorem
4. Let G be a group of order 46" + 47"

Using Fermat’s Little Theorem and explaining your reasoning, determine which of the
following are possible orders for a subgroup of G

(i 11
(i) 21
()
Oraer of o Subgroup MusY dwde e ovder of o group - Lagmnge's ‘eorem
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Question 4 continued

4% = 2 (moot 3) 1 a“=b" (mod M)  vnere a,b,mn EZ ona M > O
. a3 J
4% =3 (moa 3)
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(Total for Question 4 is 7 marks)
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5. The point P in the complex plane represents a complex number z such that
|z+9| =4|z-12i
Given that, as z varies, the locus of P is a circle,

(a) determine the centre and radius of this circle.
(6)
(b) Shade on an Argand diagram the region defined by the set

+ 441
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Question 5 continued
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Yy: ’Provmg Ciosea  Forms

6. A recurrence system is defined by
u,,=9n+ 1)2 u —3u, n>1
u =-3,u,=18
Prove by induction that, for n € N,

u = (-3)'n!
(6)
Bosis Step:
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won-z, U (3

U CR Y X))

u1,= 18

“Aue for N1 gna n:=2

Pssumphon  step:
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k4
assume . n:- k+ | Unay = (-3) (wa)!
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7. In this question you must show all stages of your working.

You must not use the integration facility on your calculator.

I = J‘t"\/4 + 5¢% dt n>0

(a) Show that, for n > 1

3
n-1 =
L (4asp) 2= D,
S5(n+2) "

C))

=V

Figure 1

The curve shown in Figure 1 is defined by the parametric equations

L g Ly 0<r<1
2 S T e Xl x
S0
This curve is rotated through 2z radians about the x-axis to form a hollow open shell.

(b) Show that the external surface area of the shell is given by

Q)
1
nJ t'\Na + 5¢ dt
0

<, 02050920

X KKK 9%
X KKK 9%

RRRRRRRIIIL:

Using the results in parts (a) and (b) and making each step of your working clear,

a..
KX
e ‘\,\,0

(c) determine the value of the external surface area of the shell, giving your answer to
3 significant figures.
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Question 7 continued
T J e eaese o

[ —_—
’

w v
Inkghon by porks:
u=tn-' v': {W t (4+S{‘) Ju dx:= uv- jv“"ax
[ L) ! veig (uase ) Gwen wn Pormutes booklet

T, (et uesed™]- [ [@e [ @tursey™] ar
ey are wnstants so take them
ouwt of me n¥egvol

To- 5t se) #IM)J "t ('-m’»t‘)”1 at

\ 5o

T 5t ese) - -,‘;ln—n)] ot (Htst‘)lH*St‘)m’ ot

\ expond out
- 3 \ . 1
T st ese)™ - L] g g se2) Tr ST (ae5t) ot
I Lor ne

- PR » 1] \
T,- —"-s-t"'(ln.t,t ) - .—'s—ln-l)j ut" "[q-q st?) 'y sC (a+st?) " ot
| seut wio 2 wnsegrals

- 3 2 ] [}
To: et luese) ™t - s T *(a+ se?) " ar - 75 o) jtt" (arst?) Cot

toke 4 our 5 ol
f'/of e /_/ fake out  wneg

- = []
T, 5t se) " - Ewnf " *las sg'-)‘h‘ at - a‘ﬂ‘“ j Claesed) ot

- 312 S
1-“= 1'§tn""' +5¢t) - .?;-_-(n—n) In—?. s (n—l)-_[n

o 3h \

Ia ii ML (ﬂ I)} l‘liSt") - ‘Hh"ﬂ I \

3h reacrange for
i ‘lm‘s . ls "-H‘St") - ‘Hn-n) I I,
'S X 2y
- ) _ ssaln) "
In = }'s'('tm] [usse ) - 5 ¥5(24n) I /

VD PR O R O 0 .
Turn over »
P 6 6 8 0 2 A 0 2 1 2 8 urnove



Question 7 continued
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Question 7 continued

C. must ®ulate  1g

when N=7

4 xb

1,: s:: let‘)"‘: - oo Is
[]
]
T.- %!mst‘)%: - :%; I,
[-]
_l
T,- o lust‘)”‘: - 2y,
T L)
work out 1, oweecrly:
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° o
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A
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[ T 3 T 3 ]
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. 6013 \ howeve INtegral we ore
Ty Tyying 4o Wk ouk 18 °
r - ]
m° 3 ° 3h AXx6 [ 603F 2
1,- iiﬁ“”"" }'iia_i”*s"“ ] " s=q \\3ns \ “JtJufﬂ"m
. \ <
1 125848
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(Total for Question 7 is 15 marks)
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S 1: Eigenvolues & Ergenvectors
Sa: Reaucmﬂ Madvices 1o Diagonal Form

5 =2 5
A= 0 3 »p where p is a constant
-6 6 —4
2
Given that | 1] is an eigenvector for A
-2

(a) (1) determine the eigenvalue corresponding to this eigenvector

(1)
(i) hence show that p =2
2
(ii1) determine the remaining eigenvalues and corresponding eigenvectors of A
(7)
(b) Write down a matrix P and a diagonal matrix D such that A = PDP"'
1)
(c) (1) Solve the differential equation # = ku, where k is a constant.
2
With respect to a fixed origin O, the velocity of a particle moving through space is
modelled by
X X
YI=AlY
z zZ
u X u X
By considering | v | =P '| ¥ [ sothat | v | =P'| ¥
w z w %
(i1) determine a general solution for the displacement of the particle.
“4)
ai. A - Ax
sts| [ 2 Muthply owt 1% 1w ono compoe  CRfRcunts
o 3p o (SY2)+ () (V¥ (s)(-2)= 22
-6 6 -4y -2 i -a - 24
A=\

wﬁe.‘.’.gmamg eagnvohm [\ -I#

P 6 6 8 0 2 A 0 2 4 2 8
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Question 8 continued

o, Mutply our 2™ (W Ao fa p°

(©)(2) + (3MN) + (P (-2) = A\ ceplace A Luhy -

3-ap=-1 08 wofmed w» poct (ai)
4-2p
Py
¢ chocaCkashe  eg": Oet (A-a1)-0
s - § | O ©
p-ax- [o 3 2 ]afe @
-6 & -2 Lo 0
A-aT - [s -2 s\ [Ae o)
3 t]-|l°Ao0
6 6 \o c A
A-AT: [s-a -1 s
[\ 3-A T
\ -6 6 -4-2
aet(n-a1) -0
S-2 (A s \
aetf[© 3a t []l-O
6 6 -4-2
(s-a)] 32 2| -(0]o 2|+ 23] .o
| 6 -4af -6 -4af R
(s—:\)-(s-a)(-of-a)- (s)m- +@ }M—mt—o{ + ts)_t,owcj + (—e.)(z.-m: -o
(s—a)-aﬂ 42 —S‘A—I‘L—n- v -n,q +s :Gl'ls: -0
(s-a)(2*+2-14) + 244302 - 40:0
SAT«sA-110- A -2"+14A +24 4302 -40:0
A2- 4a%+A46-0
25
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Question 8 continued

use.  Fothof hveovem 1o fnaa ¢ l-'og,hr%t Cubrc.

() («ﬂs— 4-(-|)L+ -0+ 6=0

(A 18 e fochr.

T
A -3A+6

AN)AS- 42T 42 + 6

._'13*5\7'

-sA A

_ -sa*-sa

Ex+ 6

[a+) (A*-Sa+ 6)=0

(A+r) (A-2)(3-2): 0

A:-1 A:=3 Q-2

_egenvolues - -1, 2,3

_agenvectr for egenwlue -1 gwen 10 Q.

5 -1 3 x X
Q2I[v]-2]Y
\-6 6 -4/\13 t

Sx -2yt S22 Ux

Ox +3y+ T 1y

-6x t6y-43 = 11

3A-Ty+$2-0 ()

Yy +?23x-0 (?)

61 16y-62-0 ()

) AR A0 O
P 6 6 8 0 2 A 0 2 6 2 8
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Question 8 continued

fentmnge. ()
y--az

(
\
Suo v &q's (1) and (2)

qx -2 (-22)+S2 = O

-6x+ 6(-23) -6 - O

D <

Ix+ 42 +532 =0

-6x -2z -62 - O

8x+92: 0 [eds pe @3

“bx - 33 - O nsisenr @ < 6

x> -32
Con now o \ dor g’ W 2:]-32 2 N e any ao.
A
| 2
ey w T, Cbtres_mame g%gwe&or= -3 ) MORK. SCHEME S 2= -!
e [2]
o
' (2/
For %mulue, 3
5 -1 3 x X
0O 3 yl:-3]Y
-6 6 -4/Jl= t
SX -2y« 52 :-3X%
Ox +3y+ 3 3y
-6X tby-43 : 32
27
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Question 8 continued
2a-sr-0 ()
2z:0 ©
-en16y-12-0 ©
22 - O
t:0

Suo =0 nto @ ono @

2x -2y +Slo) = O

-6x16y -FH(0)- O

q
Zx-%y -0 eq’s are =T
-6x46y:0 onsskat 6
x-y
N now form O gpneral  exgenvecer eq"m\emsq.x= X X Con be any no.
X
{ O
g \et x:1, eagenveckor 's : ‘
I
\ v}
o 2 - ) -3
b- D: -] O P 3 1 — U¥s my ng&m!"-]
o ¢ ©° ) -2 ! i)
\0 o 3 ["Z ! o ) 2 |‘
but Mark  stneme hos:
1 '
[»]

~_
-1

egenvalnes mush
(offegpona 10 exgenvetsors

(Total for Question 8 is 17 marks)

TOTAL FOR PAPER IS 75 MARKS
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Ou - ku
ot Sepuale vaniables
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<+ au: k ar
J& ou Jwor
Wlul - kt+¢
T ) spit e yo (e*)ie’)
TN (120 Ml It i i Pl o 'Y

Kkt *
W fAe (maww scneme ougo occepry  w:e™S" )

v x x
AR R
2 e

reploce A- PDP'

x x
y |- PDP ¥
: ¢ 6\ -1
XY [
X u W 3 W
; replace D
Y PRV v ow
; W velue of D
€ wormed ouk l.) ‘ ¥,
1 mulhply by P on bom swes " pan 1 vl=1lav
X \ W 3u
Pl v |-'D| V equohng 1% rou:
z W _
w=-W
NOIWE

1 Q stoks ¢ (:}{:) 2K = -1 (ompoe coefrcents from ot 1)
u W W | owleeent vonedes (A,8:C) for (VW)
S A U Aet mMusy nou
- “ ooved [ u X
- v |8 (£)-(2)

‘r\l ce.ﬂ:
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